Structured-Gaussian beams are explored through the use of phase-space methods stemming from their underlying SU(2) group structure. By fixing the total order, a Husimi distribution can be defined on the surface of a sphere. This allows structured-Gaussian beams to be represented by a collection of points (a constellation) over the modal Majorana sphere (the proper extension of the modal Poincaré sphere to higher order modes) where invariance to specific astigmatic transformations is translated into a rotational symmetry of the constellation. Furthermore, the discreteness of these rotational symmetries gives rise to quantized geometric phases.
Introduction. The term "structured light" refers to light fields that have been tailored to posses nontrivial and interesting amplitude, phase and/or polarization distributions. A large body of work has been devoted to the production of structured light fields through the manipulation of their available degrees of freedom. This has led to the development of new technologies and improvement of existing ones [1, 2] . Perhaps the best known example corresponds to beams carrying orbital angular momentum, used extensively in applications ranging from quantum optics to micromanipulation [3, 4] .
In the present treatment, we restrict ourselves to the subclass of structured beams known as structuredGaussian (SG) beams. These solutions to the monochromatic paraxial wave equation have the distinct property of being self-similar, that is, their intensity profile remains invariant upon propagation up to a scaling factor. Among these solutions are the well-known HermiteGauss (HG) and Laguerre-Gauss (LG) beams, for which the field at the focal plane is given by [5] ,
LG N,l (r) = i 
and HG N,l (r) = 1
Note that a somewhat unusual convention is used here: the same indices are used to label both fields, namely the total order N and the index l (see also [6] ). Also, an extra phase factor is introduced in the definition of LG modes so that they fulfill the Condon-Shortley condition [6] [7] [8] . HG and LG modes have been the subject of extensive research and are the preferred choices for modal decompositions used in many applications, such as modesorting, and subdiffraction localization, amongst others [9] [10] [11] [12] . Two other less well-known sets are the Ince-Gauss beams [13] , which are separable in elliptical coordinates, and the generalized HLG beams [14] , which are obtained via astigmatic transformations from HG or LG modes. However, there are many other types of beams within this subclass, since any linear combination of LG (or HG) modes with the same total order N preserves the property of self-similarity. SU(2) structure. The similarity between optical modes and quantum mechanical wavefunctions allows the state and operator formalism to be used for the study of classical optical beams and their propagation. Particularly, SG beams are analogous to the eigenstates of a two-dimensional isotropic harmonic oscillator (2DHO) [6, 8, [15] [16] [17] [18] [19] .
The standard HG and LG beams can be shown to be eigenfunctions of the operators [8, 17, 18, 20] 
with their position representation obtained by substitutingx → x andp x → −ik −1 ∂ x (and similarly for y). This leads to the eigenvalue relations mutation relations are
with ijk being the Levi-Civita tensor. These are the defining relations of the SU(2) Lie algebra which arises from Schwinger's oscillator model connecting the harmonic oscillator algebra to that of angular momentum [7] . This identification immediately allows us to borrow results from these systems for the study of SG beams. From the eigenvalue Eqs. (4) it becomes clear why the modes were labelled with the pair of indices N and l. These play the role of the spin quantum numbers and can be used to label the states without referring to a particular representation. One difference with the angular momentum case is that the allowed values of l are −N, −N + 2, ..., N − 2, N , that is, this index changes in steps of two. Following standard treatments, the eigenstates ofT 3 are chosen as a reference and so the ket |N, l is used to denote the LG modes. Using this basis, the eigenstates of any linear combination of theT i operators can be obtained by applying the group transformations generated by them. Here, we choose to parametrize these transformations in terms of Euler angles by defining the displacement operator [7] ,
The application of this operator to the reference states gives
which satisfy the eigenvalue relation
where u = (u 1 , u 2 , u 3 ) = (cos φ sin θ, sin φ sin θ, cos θ) is a unit vector [8] (note that the χ parameter only contributes to a global phase, and thus was set to zero). These states correspond to the generalized HLG modes [14]. Given the two angles (θ and φ) that label them, it is clear that they can be represented by points on a sphere (the modal spots) [18, 19, 21] . This is precisely the standard modal-Poincaré sphere (MPS) representation where the poles represent LG beams with opposite vorticity, the equator is given by HG beams with different orientations, and the rest of the sphere is given by general HLG beams (see Fig. 1 ). The problems with this representation are that it requires a separate MPS for each pair of N and l, and that it is limited to HLG modes.
Coherent states and Husimi distribution. Coherent states have evolved well beyond the harmonic oscillator for which they were first conceived, thanks to a grouptheoretical formulation based on their key properties [22] [23] [24] . Starting with the extremal state |N, N , satisfyinĝ T + |N, N = 0 whereT ± =T 1 ± iT 2 (that is, it can be annihilated), the coherent states are obtained by applying the displacement operatorD. Therefore, the coherent states are nothing more than the extremal HLG beams,
These beams are the ones for which the intensity profile is closer to the classical orbits of the 2DHO [25] . In the optical context, these are the beams closer to the elliptical ray-families which are the basis of a semiclassical description of SG beam [6, 26, 27] . This clearly shows how these generalized coherent states still provide a bridge between classical and quantum theories (or rays and waves, in optics). These generalized coherent states allow us to define phase-space representations over a reduced space, namely the 2-sphere, which can be easily visualized in contrast to the four-dimensional space to which they are generally constrained [18, 20] . A particularly useful phase-space representation is the Husimi (or Q) function, defined by [28] ,
where |U is an arbitrary SG beam of total order N . Other phase-space representations could be defined, such as the Wigner function [29] , but, as we will see, the Husimi function highlights the main features which can be hard to distinguish in the wavy Wigner sea. Figure 2 shows the Husimi distribution for different HLG modes along with their intensity profile. The Q function is given by a band of high intensity except for the coherent states for which it is concentrated around a point. This was noticed in [29] for the Wigner representation of angular momentum coherent sates, although it becomes more evident in the Q representation. This ridge outlines a circular path on the sphere which, through the semiclassical description of SG beams, can be used to represent them [6, 8, 26, 27] .
The modal Majorana sphere. Given the decomposition of SG beams in terms of LG modes,
it can be seen that another way to represent these beams is with a polynomial of order N , whose coefficients are related to the ones used in the LG expansion. An appropriate choice for this polynomial is based on the Bargmann representation from which the Majorana polynomial (MP) can be defined [28, 30] ,
This polynomial has a beautiful connection to the Q representation: via the stereographic projection z = tan(θ/2) exp(iφ), the zeros of the MP are mapped to the zeros of the Q function. Since a polynomial is uniquely determined by its roots, a SG beam is uniquely represented by N points (often called stars) on the surface of the sphere, known as the Majorana constellation (MC) [30] . (We use the convention that if the number of roots, r m , is less than N then the remaining N − r m roots are at infinity.) This representation can be viewed as the proper generalization of the MPS to higher order modes since this modal Majorana sphere (MMS) can represent any SG beam of a given total order on the same sphere. For the HLG mode |N ; θ, φ the MC is given by (N − l)/2 stars at u and (N + l)/2 stars at −u. Figure 2 shows the MC for different HLG beams. It is worth noting that, given our convention, there are more stars at the antipodal point than at the modal spot used in the MPS to represent a HLG beam. Particularly for a coherent state |N ; θ, φ all the stars are located at −u.
Hidden symmetries. The group transformations generated by linear combinations ofT 1 ,T 2 andT 3 act as rotation on the MMS. For example, the transformation exp(−iΩu ·T) corresponds to a Ω rotation around the axis oriented by u [7, 28] . Furthermore, in the position representation these transformations correspond to integral transforms. In particular, the ones generated byT 1 ,T 2 andT 3 correspond to asymmetric fractional Fourier transforms, gyrations (asymmetric fractional Fourier transforms along 45°rotated axes) and physical rotations, respectively [31] . Symmetric fractional Fourier transforms, which are genereated by thê T operator, have no effect on the MC but can be used to describe the propagation of SG beams [27, 32] .
Through the action of the group transformations, any rotational symmetry of the MC will correspond to an invariance against an integral transform of the corresponding SG beam. For example, the MC of HG modes lies along the u 1 axis. The rotational symmetry of the MC around the u 1 axis shows that HG modes are invariant to asymmetric fractional Fourier transforms. In the general case, the symmetries are discrete, that is, only specific amounts of the transformations defined by the axis of symmetry leave the beam invariant. These hidden symmetries can be used to classify SG beams [33] but we restrict the present treatment to the study of specific cases.
A particularly interesting case is that of beams with the most symmetrical MC. The specific distribution depends on what is meant by "most symmetrical" [34] [35] [36] [37] [38] , but five configurations always make an appearance. These are given by the vertices of the five platonic solids (see Fig. 3 ). Figure 3 shows the corresponding platonic beams for a particular orientation of the MC in which there are always symmetries along the u 3 axis that become obvious from the rotational symmetries of the intensity distribution. However, all the other symmetries are hidden from plane sight and only become evident in the MMS representation. Other orientations can be easily obtained by applying the displacement operator in Eq. (6), where all three Euler angles will be needed (Fig. 4 shows another orientation for the icosahedron beam). One could argue that the HLG beams are more symmetric since their rotational symmetry is continuous, but the platonic beams are the ones with the most axes of symmetry.
Discrete geometric phases. The invariance represented by a rotational symmetry is only valid up to a global phase factor. For the particular case of HLG beams this global phase is related to a Pancharatnam-Berry (PB) phase acquired during a cyclic mode transformation [27] . In this case the continuous symmetry leads to a phase that varies continuously with the rotation angle. In the general case, however, the discrete symmetry leads to discrete (or quantized) values for the geometric phase.
The MC has been used to study PB phases given an independent (non-unitary) evolution of the stars for quantum polarization and spin systems [39] [40] [41] . However, these previous works do not provide a simple and intuitive formula for the phase acquired by rigid rotations (where the stars do not necessarily trace a closed loop) in terms of the symmetry properties of the MC. Let us consider a MC with a symmetry of order t (the smallest rotation leaving the MC invariant is Ω = 2π/t) along the axis oriented by the unit vector u. Due to the invariance of the given beam, the following equality must hold,
where the phase acquired is given by either one of the following equations,
with s ± being the number of stars at ±u. This formula only requires information readily available from the MC. Since we considered the smallest possible rotation, the geometric phase will increase in steps of Φ as the angle of rotation is increased. However, this is not necessarily the smallest separation between phases when they are considered modulo 2π. If the phase acquired by the smallest rotation is written as Φ = 2πp/q where p and q are coprime integers then the smallest separation between the phases gained is 2π/q (a simple consequence of the EulerFermat theorem). Figure 5 shows a SG beam that was designed to have a phase step of 8π/7 but for which the smallest difference between the phases gained is 2π/7. Conclusions. In summary, the MMS provides us with a simple geometrical construct to represent any SG beam thus standing as the proper extension of the MPS for higher order modes. It can be used as an intuitive design tool, revealing the hidden symmetries of a given beam. As an example this was used to define the highly symmetric platonic beams, which will be studied in depth in future work. This construct also helps study the geometric phases arising from rigid rotations of the MC and clearly shows their discrete nature.
